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On the Number of 1 -Perfect Binary Codes: 

a Lower Bound 

Denis S. Krotov and Sergey V. Avgustinovich 



Abstract — We present a construction of 1 -perfect binary codes, which 
gives a new lower bound on the number of such codes. We conjecture 
that this lower bound is asymptotically tight. 

Index terms — automorphism, lower bound, perfect binary codes 



I. Introduction 

The paper is devoted to the problem of enumeration of 1-perfect 
binary codes. Such codes, as any optimal codes, are extremal objects 
of the theory of error-correcting codes. In addition, perfect codes are 
a special type of combinatorial configurations. The construction of 
1-perfect binary codes presented in the current paper gives the most 
powerful known class of such codes and leads to a lower bound on 
their number. 

The first known construction [13] of nonlinear 1-perfect binary 
codes gives the lower bound 



B(n-l) > 2 2 



on the number B(n — 1) of 1-perfect codes of length n — 1 = 2 m — 1 
(here and in what follows log means log 2 ). This bound was improved 
in [3] and [9], where some useful ideas exploited in this paper were 
proposed. The best known lower bound [6] is 



B(r 



1) 



> 



~>2 2 



(1) 



The result of [6] was formulated in the terms of a partial case [10] 
of the generalized concatenation construction (see, e.g., [14]), which 
allows to construct 1-perfect binary codes from distance 2 q-ary MDS 
codes (only the case q — 4 is useful for the lower bound), or n-ary 
quasigroups (of order 4). The lower bound on the number of n-ary 
quasigroups of order 4 given in [6] is asymptotically tight [7], [12]; 
therefore, such a way to evaluate the number of 1-perfect binary 
codes has been exhausted. 

The best known upper bound [1] on the number of 1-perfect binary 
codes is 2 

The local-automorphism method presented in this work is a further 
development of the methods [13], [3], [9], [6]. Since there is one- 
to-one correspondence between 1-perfect binary codes and extended 
1-perfect binary codes, the results are formulated in terms of extended 
1-perfect binary codes. 
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II. PRELIMINARIES 

Let F n (F£ v , Fg d ) be the set of the binary n- words (with even or 
odd number of ones, respectively) with the Hamming distance d and 
mod 2 coordinate-wise addition. Given x G F n , put wt(x) = d(x, 0). 
The neighborhood of 5* C F n is the set Q(S) = Uses 0(ai) where 
= {V G F n | d(y,x) = 1}. 

A set C C F n is called a distance d code (of length n) if the 
Hamming distance between any two different words in C is not less 
than d. An extended 1-perfect code is a set C C F£, such that the 
neighborhoods of the words of C are pairwise disjoint and £l(C) = 
Fod- It follows that C is a distance 4 code of cardinality \C\ = 
\FS d \/n = 2 n ~ losn - 1 and n is a power of 2. On the other hand, if the 
code C C F£ v has distance 4 and \C\ = 2 n ~ 1 ° sn - 1 , then, obviously, 
C is an extended 1-perfect code. In what follows we assume n = 
2 m > 16. 

The following formulas define some useful sets V* , A 1 C F£ v and 
give a representation of the extended Hamming code: 



A* 



H 



{(v,v,o,...,o)eF n \veFl }, 



= v 1 



yt + A*- 1 = |J (f + A*- 1 ), 

rev* 



(2) 



(3) 



(4) 



The following is straightforward: 

Proposition 1: The set H defined by l(4j is a linear extended 1- 
perfect code, i.e., the extended Hamming code (see e.g. [8, §1.7]), 
which is the only linear extended 1-perfect code, up to coordinate 
permutation. 

We say that a set G C F£ v is a component of order t G 
{l,...,m - 1} if \G\ = \A*\ and = fi(A'). Let t e 



{1. 



- 1} and p, £ F 2 



x 0" 



we say that a set 



M C -Fev is a fi-component (of order t) if M = G + p for some 
component G of order t. 

Let Aut(J ?n ) denote the group of isometries F n (it coincides 
with the automorphism group of the distance-one graph of F n ). It is 
known that each isometry g G Aut(F n ) has a unique representation 
<?(■) = v + 7r(-) where v is a shift vector from F n and n is a 
coordinate permutation. If 7T = Id, i.e., g(-) — v + ■, then the 
isometry g is called a translation. If S C F", then Aut(S) is the 
group of isometries g of F n such that g(S) = S. For a collection 
S = {Si, . . . , Si} of subsets of F n , by Aut(S) denote the group of 
isometries g of F n such that for each S G S the set g(S) is also in 
S. In what follows we use calligraphic letters to denote subgroups 
of Aut(F"). Put 

A* = Aut (^(vl')) 

where A f is specified by l(3j. 

Proposition 2: (a) Let t G {2, . . . , m — 1} and let for each p, G V f 
the set Bp, be a /2-component of order t — 1. Then the set B — 
Upgv* Bp. i s a component of order t. 
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(b) If B is a component of order t and g l G A 1 , then g t (B) is a 
component of order t too. 

(c) A component of order m — 1 is an extended 1-perfect code. 
Proof: (a) follows from l[3}, the definition of a component of 

order t, and the equality Q(p, + A' -1 ) = il(Bp,), which holds by 
the definition of /i-component of order t — 1. 

(b) and (c) are straightforward from the definitions. ■ 

III. The LA Construction of Extended 1-Perfect Codes 

Proposition |2] is all we need to see that the following construction 
leads to an extended 1-perfect code. The idea of the construction is 
to take the Hamming code and apply isometries of F n to parts of the 
code in such a way that the neighborhood of the part does not change. 
We call such isometries local automorphisms; a local automorphism 
acts on a part of the code and does not change the neighborhood of 
that part. At the first stage we take components of order 1 as such 
parts; at the second stage, components of order 2; and so on. At the 
last stage, we "turn" the whole code. 

Construction 1 (LA - local automorphisms): Assume for any in- 
teger t G {2, . . . , m} and for any words f, G V 1 , i = t, . . . , m — 1 

we have a local automorphism gf t r m _ x G A* -1 ; in particular, 

g G A™ 1 ^ 1 . Then (as follows by induction on t from Proposition 
[2} the set C represented by the following formulas is an extended 
1-perfect code. 

J 4r t + i,...,f m _ 1 = [_} (ft + <?r t ,...,r m _i (^4f t ,...,f m _i)) , 

t = 2, ...,m- 1 
C^g{A m ^). (5) 
In Construction [T] each code can be obtained in more than one 
way. To evaluate the number of the codes that can be constructed in 
this way we need stronger restrictions on local automorphisms. 
Let 

B 1 = AutfA 1 ) 

B l = Aut({f + {l{A t ~ 1 )} f , ev t), t = 2,...,m-l. 

For each t = 1, . . . , m — 1 we fix a set 23 of representatives of cosets 
from A /&. Moreover, we choose the representatives in such a way 
that the following holds: for two cosets D\,D^ G A IB and their 
representatives d\,d,2 G 23', di G Di, d% G D2, the equality D\ = 
7--D2 with some translation r implies di = rd2 (this condition is 
essential for the definition of degenerate collection and Proposition [8] 
below). 

It can be shown by induction that 

Proposition 3: The restrictions g<r t ,...,r m _ 1 G 23' _1 do not reduce 
the set of codes that can be represented by ^5). 
Proof: Assume that 

G*= U (r + MGlT 1 )) 

where G^T 1 is a component of order t — 1 and ^ G .4'~ 1 for all 
f G V*. Let p G A* and g = d/i where d G 27* and h G £?'. 
We claim that 

= where G'* 4 [j (q + ^(G^ 1 )) (6) 

for some G ^l t_1 and permutation p : V' — > V* '. Indeed, by the 
definition of B , for all f G V f we have 



where p is some permutation on V t . So, we see that hf(-) — + 
/i(f + ■) belongs to A 1 ^ 1 . Then, replacing f by q = p~ 1 f, we see 
that @ holds with g'q = h P qg P q. 

So, using ((6), we can step-by-step replace the operators g... G ^4* 
by d... G 23*, starting from t = m — 1 and finishing with t = 1. ■ 

Therefore the following construction gives the same set of codes 
as Construction Q] 

Construction 2 (LA, upper bound): Assume that for any integer 
t G {2, .... m} and for any words f j G V* , i = t, . . . , m — 1, we 
have ffrt,...,r m _ 1 G 23 t_1 ; in particular, g G 23 m_1 . Then the set G 
defined by the formulas $5^ is an extended 1-perfect code. 

As we will see below (Theorem Q3, almost all (n — > 00) codes 
represented by Construction [2] have a unique representation and this 
gives a good upper estimation 

m— 2 

^(n) < |23 m " 1 | Y[ |23 t | |v '+ ll ' |v '+ 3| -- |v ™- 11 (7) 
t=i 

for the number K LA (n) of different extended 1-perfect codes of 
length n obtained by the method of local automorphisms (LA), i. e., by 
Construction [T] or [2] To show that the number of different LA codes 
is close to this value, we need some more restrictions on gf t ,...,T= m _ 1 • 
Assume L is a linear subspace of F n and for each f G L we have 
<?r G 23* and <?r(-) = Vf + 7i~r(-)- We say that the collection {gf}f£L 
is degenerate if the following conditions hold: 

• the permutation 7i> does not depend on f, i. e., n,-. = 7r for all 

f el; 

• the set {f + | f G L} is an affine subspace of F n . 
Otherwise we say that {jr}feL is nondegenerate. 
Construction 3 (LA, lower bound): In addition to the conditions 

of Construction [2] we require that the collection Sf t+ i,...,r m _ 1 = 
{grt,...,r m _x G T> t ~ 1 } ftev t is nondegenerate for every t G 
{2, .'. . , m - 1}, f t+ i G F* +1 , . . . , f m _i G y m ~ x , 

IV. Calculations 
In this section we establish some facts concerning the structure of 
order-t components and related objects, on which the main result is 
based. Given G C F^, put 

6(G) = {x G FZ I «(x) C n(G)}; 

clearly, G C 9(G) and fi(B(G)) = fi(G). The following fact is 
also straightforward: 

Proposition 4: For each G, G' C the equality Q(G) = n(G') 
means O(G) = O(G') and vice versa. 

For each t = 1, . . . , m and a; = (»o, . . . , ^2'-i) G ) 2 — 

J 7 " define the generalized parity check 

2 { -l 

Proposition 5: Let 1 < £ < m — 1; then the following claims hold: 

(a) p*(x) = for all i£A'; 
(a') I A* I = 2 2m "( 2t - 1 )-*; 

(b) = {x G F n I wt(p\x)) = 1}; 
(b') |0(i4*)| =2 2m_t ( 2t - 1 »+ m -* ; 

(c) if t < m - 1, then Q(A*) = {x G F n | p*(S) = 0}; 
(c') if t < m - 1, then |6(A*)| = 2 2m_t(2t - 1) ; 

(c") eiA™- 1 ) = f e " v . 

Proof: (a) and (a') are straightforward from the definition of 

A*. 

(b') Since the code distance of A 1 is 4, we have [f2(A*)| = n|A'|. 
(b) It follows from (a) that wt(p*(x)) = 1 for all x G r2(A t ). On 
the other hand, by (b'), we have ^(A*)| = |{S G F n \ wt(p*(x)) = 
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(c) It follows from (b) that p*(x) = implies x G @(A*). 

Assume p t {x) ^ 0. If t < m — 1, then there is y G f2(a;) such 
that > 1; therefore, x Q(A t ). 

(c') follows from (c). 

(c") It follows from (b) or (b') that ^(A" 1 " 1 ) = FS d ; thus 

In what follows we will use the 'array' representation of elements 
off": 



(4,0 



1—1 #0,2 



( X i,j)',3 



where indexes i,j change in lexicographical order. I.e., for each 
t = 1, . . . , m — 1 an element x in F n can be viewed as 2* x 2 m ~*- 
array 



#0,0 



#0,1 



\ #2'-l,0 #2*-l,l ■•■ #2 t -l,2 m -*-l / 

In these terms, p'(x) is the sum of rows of (xlj)ij. 
calculations, we introduce the sets 

,1 A yl 



For further 



B 
B< 



V' + QiA'- 1 ), t = 2,...,m-l 



Proposition 6: The sets B* satisfy the following properties: 

(d) B* = {x G F n p\x) = and ^ x\ d = 0}; (8) 

j, event 

(d ! ) |B*| = |e(A*)|/2; 
(d") Aut(B J ) = B*. 

Proof: (d) and (d') are straightforward. For t = 1 the claim 
(d") trivially holds. Assume £ > 1. Using Proposition [4] we get 
B* = Aut({f + e(A* -1 )} Fev t)- Moreover, 



Aut({f + e( J 4 t " 1 )} f6V t) 



= Aut( |J (f + e^- 1 ))) 



= Aut(B ) 

because, as follows from Proposition \5\c), the sets f + Q(A t ~ 1 ) are 
connected components of distance-2 graph of B*. ■ 
Proposition 7: Let 1 < £ < m— 1; then the following claims hold: 
(a) if £ < m - 1, then A* = ("P* X Q*) X ft* where 

• for groups Q and <?', the notation Q AG' means a semidirect 
product with a normal subgroup Q'\ 

• V 1 — S^m-t is the subgroup of column permutations ip : 

( X i,j)i,3 ~ * (#i,t/i(j))>J> 

• Q* ~ (S 2 t) 2 is the set of collections of permutations in 
every column (0o, . . . ,<f> 2 



-l) : i X i,j)i,j ~ * ( £ 



TV 



is the set of translations z+, z G 6(j4*) 



(b) if t < m - 1, then B* = (P* X Q*) X ft* where 
. Q* ~ (S 2 X (S 2t -i) 2 ) 2m ~\ Q* C Q J ; 



. TV 



t (2 t -l)-l 



is the set of translations Tg, z G V + 



e(A' _1 ) where r s (x) = z + x. 
(V)B m ~ l =A m ~ 2 A{t- ,t (11110 ,.. 0) }. 

Proof: (a) First we observe that A* = Aut(9(A t )). Since, by 
Proposition He), Q(A t ) is linear, it holds A* = O 1 A TV where 
O* C .4* consists of coordinate permutations and TV C A 1 is a 
group of translations. 

It follows from Proposition [5jc) that 0* consists of the permu- 
tations that do not break columns, i. e., an admissible permutation 
permutes columns and permutes elements in each column. 

(a') follows from Proposition [5jc"). 

(b) By Propositioned"), we have Aut(B*). Since B 4 is 

linear, it holds B* = <S* X TV where O t C B* is the coordinate 



permutation subgroup and 7£* C B* is the translation subgroup of 

B*. 

Using Propositioned), we see that an arbitrary permutation from 
O* does not break the columns of (#i,j)i,j and, moreover, in each 
column the permutation does not change the parity of row-indexes or 
changes the parity of all row-indexes. (Indeed, in the case t < m — 1 
for any other coordinate permutation n we can find a weight 2 or 
weight 4 word x such that x satisfies ® but nx does not.) It can be 
directly checked that all such permutations belong to B*. 

(b') In the case £ = m — 1 the group B* contains some other 
permutations and this case can be easily calculated directly. ■ 

Corollary 1: \V m ~ 1 \ = n!/6((n/4)!) 4 . If t < m - 1, then 



0*1 = 2 



2'! 



2(2*-M) 2 



= 2 



2 L 2* 1 ) 



In particular, I© 1 ! = 2, \V 2 \ = 2 ■ 3^, |£> 3 | = 2 ■ 35*, |£> 4 | = 
2 ■ 6435 ra. 

We say that an order-£ component G is bold if <G> = B* where 
<G> means the affine span of G (i. e., the minimal affine subspace 
including G; if G B 0, then the affine span coincides with the linear 
span). 

The next proposition helps us to see that all codes given by 
Construction [3] are pairwise different. 

Proposition 8: Let 1 < t < m — 1; for each f € V let Gr be a 
bold order- (£ — 1) component and #r G T> t ~ 1 . Put 

U (f + 5 ,(G r -)). 

Then 

(a) G is bold if and only if the collection {gr}rgv* is nondegenerate; 

(b) if g' f £ X> t_1 and G' f is an order-(i — 1) component for all f 6 V* 
(it is not necessary to assume that G^ are bold), then 

g= [J (f+ 5 ;(G;-)) 

rev" 

implies Gj= = G^ and = for all f 6 V*. 

Proof: (a) By the definition of bold component we have 
<Gf> = B t_1 ; thus 



<G> = < (J (f + 3 r(Gr))> 



rSV" 

= < U (> + 3r(<Gr>))> 

rev" 

= < U (^ + ^-(s t - 1 ))>. 

rev" 

Since 3r (B'" 1 ) is a half of e( J 4 t_1 ), the affine span <G> coincides 
either with Urev" ( f + ©(^ t_1 )) = B* (i.e., G is bold) or with 
Urev"( f + Sr(B t_1 )) (G is not bold). It is clear that the last case 
occurs if and only if the sets gf(B t ~ 1 ), f £ V f , are translations of 
each other (i.e., gf have a common coordinate permutation) and the 
translation vectors compose an affine function on V t . 

(b) It suffices to show that for arbitrary g,g' S © t_1 and 
bold components Go, G' of order t — 1 the inequality g ^ g 
implies g'{G' ) ^ g(Go)- This holds because, by the definitions of 
V^ 1 and bold components and the fact that B t_1 = Aut(B*~ 1 ) 
(Propositioned")), g' ^ g implies sr'(<G >) / g{<G >). ■ 

Proposition 9: If 1 < t < m — 1, then the number of degenerate 
collections {g f G V% €Vt+1 is |D*| • \V t+1 \. 

Proof: Assume 1 < t < m, — 1. As follows from Proposition [7] 
and the fact that Q(A t )/B t = 2 (Propositioned')), for each 
coordinate permutation tt there are 2 or elements v such that the 
automorphism v + vr(') belongs to 7?*. Thus we have: 
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1) The number of different coordinate permutations in 23* is 

|D*|/2. 

2) For each admissible coordinate permutation n the number of 
collections {v? + 7r(')}f sv t + 1 °f automorphisms from T> such that 
the set {f+Vf \ f € V t+1 } is an affine subspace equals the number of 
two-value functions / : V t+1 — » {vi,V2} satisfying / (fi) + /(f2) + 
/(fs) = /(fi + f2 + fg) for any fi,f2,r3 £ V , i.e., the number 
2|V t+1 | of affine {0, l}-value functions on V t+1 . 

By the definition of degenerate collection, the proposition is 
proved. ■ 

V. A Lower Bound on the Number of 1-Perfect Codes 

Denote by K LA (n) the number of different extended 1 -perfect 
codes given by Construction [3] 

Theorem 1: The extended 1 -perfect codes from Construction [5] are 
pairwise different. The number of such codes equals 

^(n) = |23--Mlf(p*| |V * +ll -|© t |-|F t+1 |) |Vt+2l ''''' |Fm " 1 ' 




In particular, K LA (16) 

(-,2363.79 



The following is the asymptotic formula for K LA (n): 

m-2 



15692092416000000, K LA (32) 
isymptoti 

n ( 2 -^%/j 



■|V m _i| 



k=2,4,i 

-logS-1 



2 T- 



(9) 



= 2 2T E ' 



(3 2 * 
(35 2t " 



(6435 2 *"-2 2 *"° S *"; 



(l (n/g) ) 



e (fir 



Proof: The number of ways to define an extended 1-perfect code 
using formulas ([5} with restrictions of Construction [5] can be easily 
calculated by Corollary Q] and Proposition [9] Proposition[8]guarantees 
that different local automorphisms give different codes. ■ 
Since there is a one-to-one correspondence (deleting the last symbol) 
between extended 1-perfect codes and 1-perfect codes, we have the 
following: 

Theorem 2 (A lower bound): The number B(n — 1) of 1-perfect 
binary codes of length n — 1 = 2 m — 1 satisfies 



B(n- 1) > K LA (n) 



(10) 



where the exact expression and the asymptotic form for K LA (n) are 
given in Theorem [T] 

— — log— — 1 — ~1 

As we can see, the previous lower bound 2 2 • (3 2 

IL —logil — 1 

2 2 ) [6] consists of two multipliers (fc = 2, 4) of {9]l. 

Conjecture 1: The lower bound d 1 0b is asymptotically tight, i.e., 
$9^ is the asymptotic number of 1-perfect binary codes of length 
n - 1 = 2 m - 1. 

This conjecture is supported by our knowledge about 1-perfect 
codes of small ranks, i.e., of rank +1 and of rank +2. The rank of 



the code is the dimension of its affine span; we say that a 1-perfect 
code of length n — 1 is of rank +p if its rank is Th + p where 
th is the dimension of the linear 1-perfect code (Hamming code) of 
corresponding length. (The notion 'affine span' means the same as 
'linear span' if the code contains 0, but the affine span is invariant 
for the code translations.) We know that the LA construction gives 
almost all codes of rank +1 and almost all codes of rank +2 (and, 
of course, some other codes). Moreover, if the affine span is fixed, 
then the number of 1-perfect codes of rank +1 equals asymptotically 



,27- 



and of rank +2, 



,2 2 



(3 : 



2 ' ' 



(if we do not fix the affine span of code, then these values must be 
multiplied by the indexes n!/2 n/2 (f - l)(f - 2) ... (§ - f ) and 
n!/24 n/4 (f - l)(f — 2) ... (f — f) respectively). This knowledge 
comes from the representation of 1-perfect binary codes of rank +1 



and +2 [2] and the asymptotic number 3 n+1 2 2 +1 (l+o(l)) of n-ary 
quasigroups of order 4 [7], [12]. 

Remark 1: All the codes given by Construction [3] have the rank 
deficiency RD = 2 (the maximum rank of extended 1-perfect binary 
codes of length n > 16 equals n— 1, see [4]; so, the rank deficiency 
is defined as RD(C) = (n — 1) — rank(C)) and (as follows from 
the bound dim(kernel(C)) > 2 RD ' C ^ for binary 1-perfect codes of 
rank at least +2, see [11, Corollary 2.6]) the dimension of kernel at 
least 4, where kernel(C) = {k | C + k = C}. The last fact means 
that the construction gives at least 

K LA {n) 
n!2™" 5 

nonequivalent extended 1-perfect binary codes of length n and 

K LA (n) 
(n - 1)!2™~ 5 

nonequivalent 1-perfect binary codes of length n — 1, where n!2" _1 
is the number of isometries of F£ v and (n — l)!2 n ~ 1 is the number 
of isometries of F" -1 . 

Yes, Conjecture[T]implies that almost all (extended) 1-perfect codes 
have the rank n — 3, which is not full (n — 1 for extended 1-perfect 
codes of length n), and even not fore-full (n — 2). This lacks support 
from the length-16 codes, see [15] (the most part of codes has rank 
14 = n — 2, but the number of full-rank extended 1-perfect codes 
of length 16 is small indeed, see. [17], [18]), but the LA construction 
has not "gathered power" when n — 16 (m = 4). Indeed, for m = 4, 
among the three multipliers of the first one (t — 1) is almost the 
same as the second (t = 2), and the multiplier n!/6((n/4)!) 4 is the 
largest, while asymptotically the first multiplier is the most powerful 
one. On the other hand, the fact that almost all codes have not full 
rank can be expected. For example, this holds for 4-ary distance 2 
MDS codes (n-ary quasigroups of order 4, see [12], [16]); the rank 
(over Z'i) has three different values for these codes (rank n — 1 for 
linear codes of length n, rank n — i = log 4 |Z 2n_1 1 for 'semilinear' 
codes, and rank n), but the class with the middle rank value is the 
most powerful. It is also notable that the number of nonequivalent 
order 16 Steiner quadruple systems of full rank 15 is smaller than of 
rank 14 [5]. 
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O HHCJie 1-COBepiIieHHbIX flBOHHHbLX KOflOB! HH}KHSISI ou,eHKa 



R. C. KPOTOBl IC. B. ABrVC THHOBHM 



OS 

o 
o 

(N 

Oh 

CD 

m 



AHHOTan;H5i 



IIpe^jiojKeHa KOHCTpyKHHH 1-coBepineHHbix ^bohhhmx ko- 
flOB, flaiomafl HOByio on,eHKy CHH3y HHCJia TaKHx ko^ob. Mbi 
npe^nojiaraeM, hto 9Ta on,eHKa acHMnTOTHnecKH TOHHa. 
Kjimneeue CAoea — aBTOMopcpH3M, oiieHKa CHH3y, coBep- 

nieHHblii flBOHHHblH KOfl 
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1 BBe^eHHe 

Pa6oTa nocBflmeHa npo6jieMe nepeHHCJieHHH 1-coBepineHHbix 

flBOHHHblX KOflOB. TaKIie KOflbl, KaK H JIK>6bie OnTHMajIbHbie 
KOflM, HBJIHIOTCH SKCTpeMajIbHblMH o6 r beKTaMH TeOpilH KOp- 

peKTHpyromHx ko^ob. B to »ce BpeMH, coBepineHHbie ko^m — 

'3TO 0C06bIH BHfl KOM6]3HaTOpHbIX KOHCpHrypauHH. KoHCTpyK- 

,hhh 1-coBepineHHbix flBOHHHbix ko,hob, npefljioJKeHHaa b Ha- 
CTOHmefi pa6oTe, ,n,aeT caMbiii moiuhmh H3BecTHbiii Kjiacc Ta- 

KHX KOflOB H npHBOflHT K OHeHKe CHH3y IX HHCJia. 

IlepBaH H3BecTHaa KOHCTpyKHiia [13] Hejiimeifflbix 1-coBep- 

ineHHMX flBOHHHblX KO^OB flaeT OI],6HKy 



B{n-l) > 2 



2 2 



,2 4 



X 



HHCJia -B(n — 1) TaKHx ko,h,ob ^jikhm n — 1 = 2 m — 1 (3,necb 
h flajiee jiorapncpM HMeeT ocHOBaHiie 2). 9Ta oneHKa yjiyn- 
inajiacb b [3] h [9]; HeKOTopbie H^eii, npe^jiojKeHHbie b sthx 
CTaTbax, ncnojib3yiOTCH h b HacToameii pa6oTe. HaiuiyHinaH 
H3BecTHaa paHee oireHKa cmi3y [6 J HMeeT bh,h, 

B(n-1) > 2 2t ~ lost ~ 1 -Z^" 1 . 2 2 f ' 1 ° Ef " 1 . (i) 

Pe3yjibTaT [6J ccpopMynnpoBaH b TepMiiHax nacTHoro cnynafl 
10] o6o6meHHofi KacKa^Hoii KOHCTpyKipiH (cm., Hanp., |14j). 
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KOTOpblH n03BOJIHeT CTpOHTb 1-COBepHieHHbie flBOHHHbie KO- 
flbl H3 g-HHHbIX M/JP-KOflOB C paCCTOHHIieM 2 (flJIH HHJKHeil 

ou;eHKH nojie3eH jinnib cjiyHaii q = 4), hjih n-apHbix KBa- 
3nrpynn (nopa^Ka q = 4). Hhjkhhh OH,eHKa HHCJia n-apHbix 
KBa3nrpynn nopfl^Ka 4, ^aHHaa b [6], acHMnTOTiiHecKH TOHHa 
[7J,[12J, cjie^OBaTejibHO, 3tot cnoco6 on,eHKH HHCJia 1-coBep- 
nieHHbix flBOH^Hbix KOflOB HCHepnaH. 

HaHJiy^niaa H3BecTHaa on;eHKa CBepxy [I] HHCJia 1-coBep- 

?re -(3/2)lo E n + lo E log( C n) 

HieHHblX flBOH^HblX KOflOB HMeeT BII^ 2 

MeTCyi, JIOKajIbHblX aBTOMOp(pH3MOB, npefl,jio»ceHHbiH B Ha- 

CTOflineii pa6oTe, HBJiiieTCH flajibHeiiHiHM pa3BiiTHeM MeTO^OB 
[13j,[3j,[9j,[6j. IlocKOJibKy HMeeTCH BsanMHOOflHOSHaHHoe co- 
OTBeTCTBHe MejK,a;y 1-coBepnieHHbiMH flBOH^HMMH ko^mh h 

paCHIHpeHHblMH 1-COBepHieHHbIMH flBOH^HblMH KOflaMI, pe- 

3yjibTaTbi c(popMyjiHpoBaHbi b TepMHHax nOCJieflHHX. 



2 IIpe/i,BapHTejibHi>ie CBe^eHHa 

IlyCTb F U (F" v I F™ d ) — MHOJKeCTBO flBOH^HblX 7T.-CJIOB (c 
^eTHblM / HeHeTHbIM ^HCJIOM eflHHHU;, COOTBeTCTBeHHo) c 
MeTpHKOH XeMMHHra d(-, •) H IIOKOOp^HHaTHblM CJIOJKeHH- 

eM no MOflyjiio 2. JXjir cjiOBa x € F n onpe,nejiHM ero etc 
wt(x) = d(x,0). OKpecrriHocmbK) MHoacecTBa S C F n 6yneM 

CHHTaTb MHOJKeCTBO fl(S) = UsgS^(^)' T ^ e ^(^) = {iJ £ 

F n \d(y,x) = l}. 

MHoacecTBO C C F n Ha3biBaeTCH KodoM c paccmosmueM 
d (djiuHU n), ecjiH paccTOAHne XeMMHHra Me»my jho6mmh 
ffByMR pa3JiHHHbiMH cjiOBaMH H3 C He MeHbHie d. Pacmu- 
penHuu l-coeepmeuHuu nod — Taxoe MHOJKecTBO C C F" v , 
hto OKpecTHOCTH cjiob H3 C nonapHO He nepeceKaiOTCH h 
Q(C) = F™ d . KaK cjiepyeT H3 onpe^ejieHHa, C cyTb ko,h, c 
paccTOsnnieM 4 mohi,hocth |C| = \F™ d \/n = 2 n ~ logn_1 h n — 
CTeneHb ^bohkh. C flpyroii ctopohm, jno6oii ko/i C C F™ v c 
paccTOHHHeM 4 mohhtocth \C\ — 2" — logn_1 , oHeBH^HO, cyTb 
pacniHpeHHbiii 1-coBepnieHHbiii ko,u;. /^ajiee mm c^HTaeM, hto 
n = 2 m > 16. 

CjieflyiomHe (popMyjibi onpeflejiaiOT HeKne BcnoMoraTejib- 
Hbie MHOJKecTBa V* , A* c 
peHHoro KO,a;a XeMMHHra: 



h ,a;aiOT npe^CTaBjieHHe pacnin- 



V 1 4 {(«,«,0,...,0)e^ l |^^ E 2 r }, 



(2) 



1 



t = 1 , . . . , m — 1 
A 1 4 i/ 1 

A* = V' + A 1 - 1 = (J (f + A*- 1 ), (3) 
rev* 
< = 2, . . . , m - 1 

i? 4 j4 m_1 . (4) 
Henocpe^CTBeHHO npoBepaeTca cne,zryioinHH (paKT: 

IIpe,n;jio}KeHHe 1. Mnowcecmeo H, onpedeAneMoe <fiop- 
MyjuiMU ©-111), MOAJiemcji auhcuhum pacmupeHHUM 1- 
coeepmeHHUM koOom, m. e. pacmupeHHUM KodoM XeMMunza 
(cm., nanp., [U §1.7]J, Komopuu, ware u3eecmH0, ecmb edun- 
cmeeHHUu auhcuhuu pacmupeuHuu l-coeepmenHuu nod, c 
mo-HHOcmbw do nepecmaHoenu noopdunam. 

By,i;eM roBopHTb, hto mhojkgctbo G C F™ v aBjiaeTca kom- 
ntmeHmou nopsidna t G {l,...,m — 1}, ecun \G\ = \A l \ n 

n{G) = fi(A*). n y cTb t e {l, . . . ,m - 1} h js e f 2 ™"' x 

gn-2 . 6y^ eM rOBOpHTb, HTO MHOJKeCTBO M C F™ v 3BJIH- 

eTca jl-KOMnoHenmou (nopa,n,Ka t), ecnn M = G + \x fljia 
HeKOTopoii KOMnoHGHTbi G nopa/pta i. 

IlycTb Aut(.F n ) o6o3HanaeT rpynny h30mgtphh F n (ko- 
Topaa C0Bna,n;aeT c rpynnoii aBTOMop(pn3MOB rpacpa pac- 
ctoahhh 1 Ha Bepniimax F n ). H3BecTHO, ^to Ka»maa H30- 
MeTpna g G Aut(F n ) HMeeT e,n,HHCTBeHHoe npe,n,CTaB.neHHe 
<?(•) = u+7r(-), r^,e v — eenmop edema H3 F n n it nepecTaHOB- 
Ka KOop,a;HHaT. Ecjih tt — Id, i.e. <?(•) = v + •, to H30MeTpna 
g Ha3MBaeTca cdeuzoM. /^Jia MHOJKecTBa S C F n oGosHa^HM 
nepe3 Aut(S') rpynny H30MeTpnii g S Aut(F") Taxnx, ^to 
g(S) = S. JlflR Ha6opa S = {Si, . . . ,Si} no^MHOJKecTB F n 
o6o3Ha x iHM nepe3 Aut(S) rpynny H30MeTpnn g G Aut(F") 
Taxnx, hto fljia KajK,a;oro S G S mhojkgctbo (7(5) TaK»ce npn- 
Ha,a;jiejKHT S. ^Jajiee mm 6ya;eM ncnojib30BaTb Kajuinrpacpn^e- 
CKne 6yKBbi rjik oGosHa^reHna no,a;rpynn Aut(F n ). IIojiojkhm 

A 1 = Aut(Q(A*)), 

r,a,e A 4 onpe^ejiaeTca (popMynaMH I©-®. 

IIpefljioxceHHe 2. (a) ITycmb t G {2, . . . , m — 1} u nycmb 
d/iJi Kaofcdoeo /2 € V MHoatcecmeo Bp, ecmb ft-KOMnoHenma 
nopsidna t — 1. Tosda MHOCHcecmeo B — U^ev* Bp, nejinemcM, 
KOMnonenmou nopshdna t. 

(b) Ecjiu B — KOMnoHenma nopsidna t u g l G A 1 , mo g t (B) 
— manofce KOMnonenma nopadna t. 

(c) KoMnoHenma nopjidna m — 1 stejisiemca pacmupeHHUM 
1-coeepmeHHUM KodoM. 

J^OKasamejibcmeo: II. (a) one^yeT H3 ([3]), onpeflejiemia kom- 
noHeHTbi nopa^Ka t n paBGHCTBa + A t ^ 1 ) = fl(Bfi), koto- 
poe BbinojmaeTca no onpe,nejieHHio /i-KOMnoHeHTM nopa^Ka 
t-1. 

Iln.(b) n (c) cjie^yiOT npaMO H3 onpe^ejieHnii. □ 



3 JIA KOHCTpyKii;H5i pacniHpeHHbix 1- 
coBepnieHHbix ko/i,ob 

iIpe,n;ji0JKeHHa [2] flOCTaTO^HO, hto6m y^ocTOBepnTbca, ^tto 
KOHCTpyKipia, npnBe,a;eHHaa hhjkg, ctpoht pacninpeHHbie 1- 
coBepnieHHbie KO^bi. H^,ea KOHCTpyKn,nn — CTapTya c KO^,a 
XeMMHHra, npnMeHaTb H30MeTpnn F n k nacTaM KO^a Ta- 
khm o6pa30M, x iTo6bi OKpecTHOCTH 3THX HacTeii He MeHajIHCb. 
Mm Ha3biBaeM Taxne H30MeTpnn jionajibHUMU aemoMop(f}U3- 
MaMu; jiOKajibHbiii aBTOMop(pn3M ^eiicTByeT Ha iacTb KO,a;a, 
He MeHaa ee OKpecTHOCTH. Ha nepBOM STane mm 6epeM b xa- 
^recTBe Taxnx ^racTeii KOMnoHeHTM nopa,a,Ka 1, Ha btopom — 
KOMnoHeHTM nopa^Ka 2, n Tax ^ajiee. Ha nocjie^HeM STane 

MM "KpyTHM" BeCb KOfl. 

KoHCTpyKqna 1 (JIA — jioKajitHbie aBTOMopcpH3- 
Mbi). nycmb djiM, naotcdozo upjiozo t G {2, . . . , m} u dAM, 
nacHcdoeo cjioea fi G V 1 , i ~ t, . . . , m — 1 onpedejien jio- 
KajibHuii aemoMop4>u3M 3r t ,...,r m _i G Jt~ ; e nacmnocmu, 
g G A m ■ Tozda (nan cjiedyem UHdyKU,ueu no t U3 Tlpcd- 
jiooKeuunW^ MuooKccmeo C, npedcmaeAewHoe CAedytou^uMU 
(fiopMyAaMU, MGAMemcM pacmupeHHUM 1-coeepmeHHUM ko- 
doM. 

■•I'.. ,, = V 1 , neV 1 

^Ft+l,...,r,„_i — [J (jt +5ft..-,r m _i( J 4p t! 1 .. )f = m _ 1 )J , 

t = 2,...,m-l 
C 4 g(A m ^ 1 ). (5) 

B KoHCTpyKu,nn [T] KajK^MH KOfl nojiynaeTca 6ojiee leM o^,- 
hhm cnoco6oM. Hto6m oneHHTb hhcjio KOjipB, nojiy^raeMbix 
TaKHM o6pa30M, HyjKHM 6ojiee CTporne orpaHH^reHna Ha jio- 

KajIbHbie aBTOMOp(pH3MM. 

nycTb 

B 1 = Aut^ 1 ) 

B 1 = Aut({f + f7(A*- 1 )} reyt ), t = 2,...,m-l. 

fljia Ka>K,ii;oro t — 1, . . . , m — 1 3a(pnKcnpyeM MHoacecTBO T> 
npe^CTaBHTejien CMejKHbix KjiaccoB n3 A t /B t . Bojiee toto, 
mm Bbi6epeM npe^CTaBHTejieii TaxnM o6pa30M, hto6m bm- 
nojiHajiocb cjie^yiom,ee ycjiOBne: ^jia flByx CMejKHbix KjiaccoB 
D1. D2 G A t /B t n nx npeflCTaBHTejieii d\,di G V 1 , d\ G D±, 
c?2 G D2, paBeHCTBO D\ — TD2 c HeKOTopMM cflBnroM r Bjie- 
Hei d\ = rc?2 (sto ycjiOBne cymecTBeHHO b onpeflejieHnn bm- 
pojK,a;eHHoro Ha6opa n b npefljioJKeHnn [8] Hn»ce) . 

Ho HH^yKUHH MOJKHO nOKa3aTb, HTO 

IIpe/i,jio>KeHHe 3. OzpaHuueHun 5f t ,....f m _i G we 
yMenbmamm MHOOKecmeo nodoe, npedcmaeACHHUx fiopMy- 
AaMU |(5|). 



2 



/toKaaameAbcmeo: IlycTb 

G*= (J ( f + 3f(G^ -1 )) , 

rev* 

vp^e Gf — komiiohghtci nops^Ka t — 1 h 6 ,a;jifl Bcex 
f E F*. IlycTb g £ A 1 n g = dh, r%e d e m h <E S*. 
Mm yTBepjK^aeM, ito 

ff (G 4 ) = d(G"), r fl e G' 4 4 (J (g + ^(G^ 1 )) (6) 

gey* 

,a;jifl HexoTopbix G .4*" 1 h nepecTaHOBKH p : V* — ► V*. 
^eiicTBHTejibHO, no onpe^ejieHHio B l rjik KajK^oro f G V* 

HM66M 

/i(f+n(A*- 1 )) = / >- 1 f + o(A*- 1 ), 

r,n;e p — HexoTopaa nepecTaHOBKa Ha V*. TaKHM o6pa30M, 
mm BHfliM, ito /if (•) — p~ 1 f + /i(f + •) npima^jiejKHT A 1 ^ 1 . 
^ajiee, noflCTaBJura g = p~ 1 f BMecTO f, mm bh,h,hm, hto l(6| 

BbinOJIHfleTCH c g'q = h p qg P q. 

TaKHM o6pa30M, Hcnanb3ya ((6|), mm mojkgm inar 3a inaroM 
3aMGHHTb onepaTopbi <?... 6 Ar Ha d... G I?', CTapTya c t = 
77i — 1 h 3aKaHHHBaa t = 1. □ 

Cjie^OBaTejibHO, cne^yioiHaH KOHCTpyKinia #aeT to ace 

MHOJKeCTBO KOflOB, HTO H KOHCTpyKHHH [TJ 

KoHCTpyKn,Ha 2 (JIA, ou;eHKa ceepxy). Ilycmb djin 
Kaatcdoso ufijiozo i G {2, . . . ,777,} u 3am aw6ux caob fj £ V% 
i = t, . . . , 777,- 1, mu UMeeM gr t , ...,f m _i G £>* _1 ; e Hacmnocmu, 
g G X) m_1 . Tosda Mnowcecmeo C , onpedeAxeMoe (popMyAaMU 
lO, jieAJiemcji pacmupeHHUM 1-coeepmeHHUM KodoM. 

Kax mm yBH^HM HHJKe (TeopeMa [l| , no^TH Bee (77 — > 00) 
KO,a,M, npeflCTaBJieHHbie KoHCTpyKinieii [2j HMeMT e^HHCTBeH- 
Hoe npe^CTaBJieHHe, ito #aeT xopomyio oueHKy CBepxy 

ro-2 

^(n) < |D m_1 | Y[ |D t |l^+il-l v '*+=l--l v — il (7) 
t=i 

HHCJia K LA (n) pasjiH^Hbix pacniHpeHHbix 1-coBepnieHHbix ko- 

flOB flJIHHM 77,, IIOJiyHGHHMX MeTOflOM JIOKajIbHMX aBTOMOp- 

(pH3MOB (JIA), t. e. KoHCTpyKinieii [T] hjih [2j Hto6m noKa3aTb, 

HTO HHCJIO paSJIH^HMX JIA KO^OB 6jIH3KO K 3TOMy 3HaHeHHK>, 

mm BBe^eM eme HeKOTopbie orpaHHHeHHa Ha <?f t ,...,f m _i- 

IlycTb L — jiHHeiiHoe no,a;npocTpaHCTBO F™ h pjia KajK^oro 
f G L hmggm g f G T> 1 h <?f (") — %= + 7Tf (■). Bya;eM roBopHTb, 
hto Ha6op {gf}reL eupocncdeHHUu, ecjin BbinojiHeHM cjiepy- 
roiinie ycjiOBHfl: 

• nepecTaHOBKa 7i> He 3aBHCHT ot f, t. e. 7i> = tt ^jih Bcex 
fel; 

• MHOJKecTBO {f+Vr \ f G £} ecTb acpcpHHHoe noflnpocTpaH- 
ctbo F™. 



B npoTHBHOM cjiy^ae 6y^,eM roBopnTb, hto Ha6op {gr}feL 
neeupoMcdennuu. 

KoHCTpyKii,Ha 3 (JIA, oijeHKa CHH3y). J^onoAHumeAb- 
ho k ycAoeusiM KoHcmpyKv i uu [H mu mpe6yeM, Hmo6u na- 
6op gf t+ i,...,f m _i = {9f t ,---,f m .-i S T> }f t gyt ^7jM neeupocHC- 
dennuM dAU nacHcdux t G {2, . . . , to — 1}, ft+i G V t+1 , . . . , 
f m -i G V"- 1 . 

4 BbiMHCJieHHa 

B 3tom pa3^ejie mm ycTaHOBHM HeKTopbie (paKTM KacaTejib- 

HO CTpyKTypbl KOMnOHeHT nOpH^Ka t H CBfl3aHHMX C HHMH 

oQ'h.ewTO^, Ha kotopmx 6a3npyeTCH ^,OKa3aTejibCTBO ochobho- 
ro pe3yjibTaTa. JXpsi noflMHOJKecTBa G C hojiojkhm 

9(G) 4 {.t g F» I 0(5) C 0(G)}; 

o^eBH^HO, G C 0(G) h O(0(G)) = 0(G). Cjieflyromnii (paKT 
TaK»ce cnepyeT npaMO H3 onpe^,ejieHHii: 

IIpefljioxceHHe 4. ^fA« aw6ux nodMHoatcecme G, G' C i 7 ^* 
paeencmea 0(G) = O(G') w 0(G) = O(G') aKeueaAemrmu. 

Jiflu KajK,a;Mx t = 1, . . . , m h x = ($0, . . . , X2*-i) G 
onpe,a;ejiHM o6o6iri;eHHyio npoBepxy Ha hqt- 

HOCTb 

2 f -l 
i=0 

IIpefljioxceHHe 5. Ilycmb 1 < t < m — 1. Tozda eunoAHenu 
CAedywinue ymeepMcdenun,: 

(a) p'(i) = ecea; iei'; 
(a') = 2 2m "( 2 '- 1 )^; 

(b) 0(A*) = {5 G F™ I wt{p\x)) = 1}; 
(b') |n(A*)| = 2 2 '""( 2t - 1 )+ m - t ; 

(c) ec/iw t<m-l, mo 6(A*) = {x G F™ |p*(x) = 0}; 
(c') ecAu t<m-l,mo |6(A*)| = 2 2 '"~ t ( 2t - 1 ); 

(c") 9(A m - 1 ) = F E " v . 

JJoKa3ameAbcmeo: (a) h (a') cjie,a;yiOT npaMO H3 onpe,a;ejie- 
Hia A 1 . 

(b') ITocKOJibKy A 1 HMeeT KO,a;oBoe paccToaHne 4, HMeeM 
|n(A*)| = n\A*\. 

(b) H3 (a) cjie/iyeT, hto wt(p t (x)) — 1 fljia Bcex x G O(A'). 
C flpyroii ctopohm, corjiacHO (b'), HMeeM |0(A*)| = \{x G 
F n \wt{p t {x)) = l}\. 

(c) CorjiacHO (b), H3 paBeHCTBa p'(x) = cjie/iyeT x G 
Q(A t ). /JonycTHM, hto p*(^) 7^ 0. Ecjih t < m — 1, to Haii- 
fleTCH y G 0(x) Taxoe, ^to wt(p t (y)) > 1. Cue^OBaTejibHO, 

x^e(A'). 

(c') cjie,a;eT H3 (c). 
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(c") Hs (b) h (b') cjie^yeT, hto fl(A m x ) = F™ d , OTKy^a • ft* ~ X 2 ™ * (2 ' 1} - .Awoctfceemeo cdewzoe z+, z G 
e^™- 1 ) = F E " v . □ 0(A*); 

/^ajiee mm 6ya;eM nanb30BaTbca npe,n;cTaBjieHHeM ajieMeH- Am-i a / 7 n-i 

B BHJTe MaCCHBOBI y ' z ' ^ ^ 

(b) earn t < m — I, mo = (V A Q*) X ft*, 2<?e 



(x , a;o,2"»-*-i' ^1,0 j ■ • ■ ' • E 2 t -i.2 m - t -i) — ( x 



4 -V ■ 



• Q'~(S 2 X(S 2t -i) 2 ) 2 " , Q'cQ 4 ; 



C 2*-l,0 X 2 t -l,l ■■■ X 2 t -\,2 m - t -\ 



r,n,e HH^eKCM «, j H3MeHaiOTca b jieKCHKorpacbii^ecKOM nopafl- 
K e. T. e. pps. KaxAoro t = 1, . . . , m - 1 sjieMeuT x H3 F" . £t ^ z 2— *(2*-i)-i _ MHogKecmgo c 3 eugoe T - > 1 e V l + 
mojkho npe^,CTaBHTb Kax MaTpnny pa3Mepa 2* x 2 m * 0(y4* _1 ) acte Tz(x) = z + x 

4,0 <1 ■•• 4,2-*-! ^ (b 5 ) B m_1 = A m ~ 2 A {7o,T( 11110 ...o)}. 

J^OKasamejibcmeo: (a) 3aM6THM CHa^ajia, hto .4' = 
Aut(8(A*)). IIocKOJibKy no IIpe^jiojKeHHio [Ujc) MHoacecTBO 
B 3thx TepMHHax p t (x) ecTb cyMMa ctpok MaTpimbi (aCjjOij- (^*) -nnHefiHoe, BbinojiHeHO paBGHCTBO A* = (9* X ft*, r^e 
fljia flajibHeftiinix BbiHHCJieHHii, onpeflejiHM MHO»cecTBa O l C A 1 coctoht H3 nepecTaHOBOK KOopflimaT n K 1 C A* - 

A rpynna c^bhtob. 

= ^ H3 IlpefljiojKeHHH [5jc) cjie/iyeT, hto O* coctoht h3 nepe- 

£?' = V* + 8(A*~ 1 ), t = 2, . ..,m— 1 CTaHOBOK, He MeHaromnx pa36neHHe Ha CTon6nbi, t. e. Aony- 

CTHiiaa nepecTaHOBKa nepecTaBJiaeT CTOJi6nbi Memory co6oii 
h nepecTaBJiaeT sjieMeHTbi BHyTpn KajK^oro CTOJi6na. 

(d)B t = {i £ F> i (i) = 0« V ^,=0); (8) M^^np.wajmBfl. 

w L 1 w ^ l ^ J ' w (b) Ilo IlpeAJiojKeHHio [6Jd ) hm66m B = Aut(B z j. Uo- 

3, HGTH. i ~ f u C^f . 

(d') |-B*| — |0(j4*)| /2 • CKOJIbKy MHOJKeCTBO B JIHH6HHO, BbmOJIHeHO D = C A /<• , 

fd") Aut(-B') — £>* ' r,a ' e *~ ^' ~ no,a;rpynna nepecTaHOBOK KOop/niHaT h 72.* C 

0* — no,a;rpynna c^BHroB rpynnbi S*. 

^oisoaomeAtcmeo; Iln. (d) h (d ! ) oneBHAHbi. Ana i = 1 nojibsyacb n P e fl jio>KeHHeM EJd), mm b W m, ^to npons- 

yTBepjKneHHe (d") TpHBnajiHO BbinojiHaeTca. IlycTb i > 1. .a* - , 

_ f J BOJibHaa nepecTaHOBKa H3 C He MeHaeT pa30HeHHe Ha CTOJio- 

Ilojib3yacb Ilpeiijio>KeHHeM [41 nojiy^aeM o = AutHr + / * % - , 

_ , .,_,,» f" VL u;bi MaccHBa (x • ,•)» h, oojiee Toro, b Ka^K^OM CTOJiou;e nepe- 

B(A C l^rpyt)- Bojiee Toro, ,J - 

v CTaHOBKa He MeHaeT neTHOCTb HH^eKCOB ctpok jihoo MeHa- 

t-l\-\ ( I I t-l\\\ eT ^eTHOCTb O^HOBpeMeHHO BCeX HH^eKCOB CTpOK. (^eilCTBH- 

Aut({r + e(A )}r eV t) = Autl (J (r + 6(A )) I TeJ n,Ho, b cjiynae t < m - 1 ajih jhoSoh APyroii nepec T aHO B KH 

7r mm MO»ceM HaHTH cjiobo x Beca 2 hjih 4 Taxoe, ^to x y,a;o- 

= Aut(i? ), BjieTBopaeT ([5]) , a 7ra; — HeT.) JlerKO y6e,a;HTbca, ^to Bee Taxne 

T-r rwv \ nepecTaHOBKH npHHaiijieacaT B l 

nocKOJibKy, Kax cjie^yeT H3 llpefljio»ceHHa [oj^cj, MHO»cecTBa ~ ^ " 



IIpe/i,jio»ceHHe 6. MnoMcecmea B l o6jiadawm cjiedywinuMU 
ceoucmeajuu: 



ca Henocpe^CTBeHHO. □ 
Cjie^cTBHe 1. \V m - 1 \ = n!/6((n/4)!) 4 . Ecau t < m—1, mo 



- 1 r\r At-i\ i (b') B cjiy^ae t = m — 1 rpynna S* coiiepjKHT HexoTopbie 

r + B(A J aBjiaiOTca KOMnoHeHTaMH CBa3H0CTH rpacpa pac- v ' J 1 J ^ v 

„ n nt I-, /ToGaBO^Hbie nepecTaHOBKH, h stot cjiv^aii jierxo npoBepaeT' 

CToaHHn 2 MHOJKecTBa B . U M K > j 

IIpe/i,jio»ceHHe 7. Ilycmb 1 < t < rn — 1, moeda eepnu 
CAedywinue (fjanmu: 

(a) ecjiu t <m-\, mo A 1 = (V t A Q*) X 2<?e , m -t 

f / 2 f ! \ fl(2 t \ 
• djui zpynn Q and Q' o6o3HaneHue Q AG' ucnojib3yemcsi X® I = 2 ( 2(2* — 1 !) 2 J = ^ I 2 I 2 t_1 J 

wx noAynpMMOso npou3eedenuji, zde Q 1 — HopjuaAb- 
hcim nodzpynna; B uacmHOCmUj \T> 1 \ = 2, |P 2 | = 2 ■ 3?, |P 3 | = 2 ■ 35 f , 



P ~ S^nt-t — nodzpynna nepecmanoeoK cmoAGxipe ip : 



IP 4 1 = 2 • 6435W. 



(x* i/j(j))i,j> By^eM roBopHTb, ^to KOMnoHeHTa G nopa^xa t nAomnaM, 

ecjin <G> = B f , r^e <G> 03HaHaeT adpcpHHHyio o6ono x iKy 
• Q* — (S^') 2 — MHOdicecmeo na6opoe nepecmano- MHoacecTBa G (t. e. MHHHMajibHoe acpcpnHHoe no,znrpocTpaH- 
eoK e KaofcdoM cmoA6v ) e (4>o, ■ ■ ■ ,</ ) 2 m -*-i) : ( x l,j)i.j ~^ ctbo, BKjiioHaiomee G; b cjiy^ae G 9 acpcpHHHaa o6ojiOHKa 
(^.(i) C0Bna,a;aeT c jinHeiiHOH o6ojiohkoh). 
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Cne^yioiHee npefljiojKemie noacHaeT, no^eMy Bee ko^m h3 
KoHCTpyKu,HH [3] nonapHO pasjin^Hbi. 

IIpe^jicttKeHHe 8. Ilycmb 1 < t < m — 1. ,2f/i,8 Kacncdozo 
f E V f nycmb G f ecmb nAorrmaji KOMnoHenma nopadna (i— 1) 

fey* 

(a) KoMnoHenma G njiorrmaji eaiu u mojibno ecjiu ua6op 
{ffrjrey* HeeupocHcdeHHutt; 



(b) ec/tw € P* 



nacHcdoeo r 6 V* MHOOKecmeo G^ 



— KOMnoHenma nopudKa (t — 1) (adecb mm ue nodpa3yMe- 
eaeM, nmo KOMnoHenma G' f o6n3amejibHO njiorrmaji), mo U3 
paeencmea 

G= (J (f+«£(G<0) 
fey* 

cjiedyem G' f — G f u g' f — g f djisi ecex f € V* . 
JJoKa3ameAbcmeo: (a) Ilo onpeflejieHHio njiOTHOH komiio- 

HGHTbl HMGGM <Gf> = B*^ 1 , OTKyfla 



<G> = < (J (f + 5r -(G r -))> 
fey* 

= < U (r + 5r(<G F >))> 
rey* 

= < U (r+9f( J B i " 1 ))>. 



fey* 

IlocKOJibKy gf{B t ^ 1 ) — nojiOBHHa ot a(p(pHHHaa 
o6ojiOHKa <G> coBna^aeT jih6o c {J feV t(f + 6(A t_1 )) = _B f 
(t. e. G njiOTHaa), jih6o c {J feV t(r + gi^iB*^ 1 )) (G He iijiot- 
Haa). Hcho, hto nocjieflHHii cjiyHaii HMeeT MecTO ecjin h tojib- 
ko ecjin MHO»cecTBa gf{B t ~ l ), r S V*, — cflBiirn ,a;pyr ,a;pyra 
(t. e. <7f HMeiOT o,a;Hy h Ty >Ke nepeeraHOBKy KOop^imaT) h 

BeKTOpbl C^,BHrOB o6pa3yK)T aCpCBHHHyiO (pyHKUHK) Ha V . 

(b) ^ocTaTO^HO noKa3aTb, hto pjik npoH3BOJibHbix g,g' G 
P t_1 h nojiHbix KOMnoH6HT Go, G' nopa^Ka t — 1 H3 g' ^ g 
cne^yeT g'(G' Q ) ^ g(Go). 9to BepHO, nocKOJibKy H3 onpe- 
,a;ejieHHH 2? t_1 h nojiHbix komiiohght h paBeHCTBa B l ~ l = 
Aut(i? t_1 ) (IlpefljioJKeHHe Efd")) hmggm: g' ^ g no,a;pa3yMe- 
B ae T g'(<G' >) ^ g(<G Q >). □ 

IIpe^jioxceHHe 9. Ecjiu 1 < t < m — 1, mo hucjio eupootc- 
deunux na6opoe {g f G T> t } f&v t+i paeno 115*1 ■ |V* +1 |. 

^OKasamejibcmeo: IlycTb 1 < t < m — 1, Kax cne^yeT 
H3 IIpe^jiojKeHHfl [7] h paBeHCTBa 9(yl t )/i3* = 2 (IlpefljiojKe- 
Hne[6]Jd')), fljia KajK^oii nepecTaHOBKH KOop^,HHaT 7r HMeeTca 
2 hjih sjieMeHTOB v TaKnx, hto aBTOMop(pH3M v + 7r(-) npn- 
Ha^jiejKHT T> 1 . OTCio,i];a HMeeM cjieflyiomee: 



1) Hhcjio pasjiH^Hbix nepecTaHOBOK KOop^HHaT b T> paBHO 
|2?'|/2. 

2) JXsik KajKfloii ^,onycTHMoii nepecTaHOBKH KOop^HHaT 7r 

^HCJIO TaKHX Ha6opOB {Wp + T(')} fe yt+1 aBTOMOp(pH3MOB 

H3 2?*, ^to MHO»cecTBO {f + Vf \ f 6 ecTb acpcpHHHoe 

noflnpocTpaHCTBO, paBHO HHCJiy flBy3HaHHbix (pyHKiniii / : 
V t+1 — > {vi,V2}, yflOBjieTBopfliomHx cooTHOineHHio /(fi) + 
/(^2) + /(^3) = /(n +r 2 + f 3 ) A-na Jiio6bix fi, f 2 , r 3 e V t+1 , 

T. e. ^HCJiy 2|V* +1 | a(p(pHHHbIX {0, lj-SHa^HblX (pyHKH,HH Ha 

yt+1 

Ilo onpe^ejieHHio BbipojKfleHHoro Ha6opa, npe^jioiKeHHe 
^,OKa3aHO. □ 



5 HnxcHaa ou;eHKa 

MHCJia 1-coBepineHHbix ko/i,ob 

OGosHa^HM ^epes K LA (n) hhcjio pasjin^Hbix pacniHpeHHbix 
1-coBepnieHHbix KOflOB, npe,a;cTaBjiaeMbix KoHCTpyKiineii [3l 

TeopeMa 1. PacmupeHHue \-coeepmeHHue nodu U3 Kcm- 
cmpyK'u t uu\M nonapno pa3/iuHHU. Hucjio manux nodoe paeno 



m-2 



KUn) = \V m - 1 \Y[(\vT t+ll -\V t \-\V t+1 



n 



6 f ! 



fc=2,4,8,..., 




IVi+al-.-IV^-il 



2*" 1 



B Hacmnocmu, K LA (16) = 15692092416000000, K LA (32) w 
22363.79 Cjiedywaiflu $>opM,yj\,a daem acuMnmomuKy hucjio, 
K LA (n): 



K LA {n) ~ IP™- 1 ! J] |P t r t+lMVt 



+2|'...-|V m _l 



?7! 



6f?n 



n ( 2 - 2- %/J 



.4 V fc=2,4,8,...,f 

= 2 2t "° gf " -(3 2f " -2 2f " OKf ") 



(9) 



■(35 28 _1 ■2 2 8 _1oE8_1 ) 



(6435 216_ -2 2 



( I f"/^ 
V 2 W8j 



i \ n! 



8(10 
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/foKa3ameAbcmeo: Hhcjio cnoco6oB onpe^ejiHTb pacniH- 
peHHbiii 1-coBepineHHbiii KO,a, no (popMyjiaM ([5]) c orpaHnne- 
hhamh KoHCTpyKiiHH [3] Jierxo noCTHTaTb npn noMOirni Cjiep,- 
CTBHfl[T]H npe,n;jio:<KeHHfl[9l npe,n;ji0JKeHHe[8]rapaHTHpyeT, hto 
paajiH^Hbie Ha6opbi jiOKajibHbix aBTOMop<pn3MOB flaMT pa3- 

JIHHHbie KO^bl. □ 

IlocKOJibKy HMeeTca BsaHMHOo^HOSHa^Hoe cootbgtctbhg 
(yflajieHne nocjie/nrero CHMBOJia) MejKfly pacniHpeHHbiMH 1- 
coBepineHHbiMH KO^aMH n 1-coeepiueHHUMU KodaMU, hmggm 
cjie,zryioinee: 

TeopeMa 2 (HnatHaa ou;eHKa). ^Iucao B(n — 1) 1- 
coeepuienHux deounnux Kodoe djiunu n — 1 = 2 m — 1 ydo- 
ejiemeopsiem nepaeeucmey 

B(n-l)>K LA (n), (10) 

zde moHHoe eupacHcenue u acuMnmomuKa 3am K LA (n) nped- 
cmaejienu e TeopeMe\j^ 

Kax jierxo 3aMeTHTb, npe^bmymaa on,eHKa 2 2? 87 
(3 2 4 • 2 2 4 4 ) [6] coctoht H3 ,a;Byx mhojkhtgjigh (k = 
2,4) hs ©. 

THnoTe3a 1. OiifiUKa (flO|) acuMnmomunecKU mouHa, m. e. 
|(9|) — acuMnmomuna uucjia l-coeepwennux deouunux nodoe 
djiunu n — 1 = 2 m — 1 . 

9Ta riinoTe3a no^TBepjKflaeTca HMeiomenca HHCpopManneii 
06 1-coBepineHHbix KO^ax Majibix paHroB, t. e. paHroB +1 h 
+2. Pans (rank) KO,n,a — pa3MepHOCTb ero acpcpnHHon 060- 
jiohkh; CKa»ceM, ^to 1-coBepnieHHbra ko,h, ,zrjiHHbi n — 1 ecTb 
ko,u; paHra +p, ecjin ero paHr paBeH m + P, r^e t\h — pa3- 
MepHOCTb jiHHenHoro 1-coBepineHHoro KO^a (xofla XeMMHHra) 
Toft me ,a;jiHHbi. (TepMHH 'acpcpHHHaa o6ojio x iKa' osHa^aeT to 
»ce, hto h 'jniHeimaa o6ojio x iKa' ,zrjia ko^ob, co,n,ep;<KaiHHx 0, 
ho acpcpiiHHaa o6ojio x iKa HHBapnaHTHa OTHOCHTejibHO c,h,bh- 
tob KO,a;a.) IfeBeerHO, ^to J1A KOHCTpyKnna ,a;aeT no^TH Bee 
KOflbi paHra +1 h no^TH Bee ko^m paHra +2 (h, pa3yMeeT- 
ca, KOflbi 6ojibinero paHra). Bojiee Toro, npn cpHKcnpoBaHHOH 
acpcpHHHoii o6ojio x iKe hhcjio 1-coBepineHHbix ko^ob paHra +1 

aCHMnTOTHHeCKH paBHO 

a paHra +2 — 

(ecjin He (pHKcnpoBaTb acp(pHHHyio o6ojiOHKy KO^a, to sth 
SHa^reHHa HyjKHO yMHOJKHTb Ha n!/2™/ 2 (^ — — 2) . . . — 
f ) h n!/24"/ 4 (f - l)(f -2) . . . (f - §) cooTBeTCTBeHHo). 9th 
^,aHHbie cjiepyKiT H3 npe^,CTaBJieHHa 1-coBepnieHHbix ^boh^t- 
Hbix ko,u;ob paHra +1 h +2 [2] h acHMnTOTHKH 3™ +1 2 2 +1 (1 + 
o(l)) HHCJia n-apHbix KBa3nrpynn nopa^Ka 4 [7].|12j. 



3aMeiaHHe 1 . Bee ko^m h3 KoHCTpyKHira [3] HMeiOT ^ecpn- 
h,ht paHra RD = 2 (MaKCHMajibHbiii bo3mo)khhi paHr pac- 
HinpeHHoro 1-coBeprneHHoro Ko^a fljiHHbi n > 16 paBeH n—1, 
cm. [4]; TaKHM o6pa30M, ^ecpHiiHT paHra onpe,n;ejiaeTca KaK 
RD(C) = (n — 1) — rank(C)) h (xax cjie^yeT H3 HepaBeHCTBa 
dim(kernel(C)) > 2 RD ( C ^ ^,jia abohhhhx 1-coBepnieHHbix ko- 
P,ob paHra +2 h 6ojibrne, cm. [11| Corollary 2.6]) pa3MepHOCTb 
a,a;pa (kernel) He MeHbine 4, r^e kernel(C) = {k \ C + k = C}. 
riocjie^HHii (paKT osHa^raeT, hto KOHCTpyKD^Ha ,i;aeT He MeHee 

K LA (n) 
n!2™" 5 

HeSKBHBajieHTHblX paCniHpeHHblX 1-COBepnieHHbIX flBOH^HblX 
KOflOB flJIHHbl n H 

K LA (n) 
(n- 1)!2"- 5 



HeSKBHBajieHTHblX 1-COBepnieHHbIX flBOH^HblX KOflOB flJIHHbl 

n — 1, rjifi n!2 n_1 — hhcjio H30MeTpnii F£ v h (n — 1)!2" _1 — 
ihcjio H30MeTpnii F n , 

rnnoTesaHlnoflpasyMeBaeT, ito no^Tn Bee (pacninpeH- 
Hbie) 1-coBepnieHHbie ko^m hmciot paHr n — 3, KOTopbiii He 
aBJiaeTca nojiHMM (n — 1 ^jia pacninpeHHbix 1-coBepnieHHbix 
KOflOB fljiHHM n), n ,n,a>Ke He npe^nojiHbiH (n — 2). 3to He 
noflTBepjK^aeTca fljia ko,u;ob ^jiHHbi 16, cm. [15] (KCTaTH, pac- 
ninpeHHbix 1-coBepnieHHbix ko,u;ob ,a;jiHHbi 16 nojiHoro paHra 
fleiicTBHTejibHO Majio, cm. [17]. [18]). ho JIA KOHCTpyKiina ein;e 
He "Ha6pajia o6opoTbi" npn n = 16 (m = 4). B caMOM ^ejie, 
npn m = 4 cpe/i,H Tpex MHOJKHTejieii |(9]) nepBbiii (t = 1) 
HMeeT noHTH TaKyio »ce BejiH^HHy, hto h BTopoii (t = 2), a 
MHOJKHTejib n!/6((n/4)!) 4 aBJiaeTca Han6ojibniHM, b to BpeMa 
Kax acHMnTOTnnecKH nepBbiii MHOJKHTejib — caMbifi MOinHbifi. 
C flpyroii ctopohm, (paKT, hto no^Tn Bee ko^m He HMeiOT 
nojiHbiii paHr, Bpa^ jih 6mji 6m ciopnpH30M. HanpnMep, aHa- 
jiornnHoe aBJieHne H3BecTHO fljia M^P-ko^ob c paccToaHneM 
2 b neTbipex6yKBeHHOM ajicpaBHTe (n-apHbix KBa3nrpynn no- 
pa,a;Ka 4, cm. [12], [E]), y kotopmx paHr (Ha,a; Z|) HMeeT Tpn 
bo3mojkhmx SHa^reHna (paHr n—1 ,a;jia jiHHeiiHbix ko,u;ob ,u;jih- 
hm n, paHr n — i = log 4 \Z^ l ~ x \ ^,jia 'nojiyjinHeinibix', n paHr 
n) , npnneM acHMnTOTH^recKH nonTH Bee ko^m HMeiOT cpe^HHii 

paHr. CTOHT TaKJKe 3aMeTHTb, nTO HHCJIO HeSKBHBajieHTHblX 

cncTeM TpoeK IIlTeiiHepa nopa^Ka 16 nojiHoro paHra 15 MeHb- 
nie, neM paHra 14 [5]. 
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